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Abstract
Induced polarization by Dirac electrons in double-layer graphene can affect hybridization of ra-
diative and evanescent fields. Electron back action appears as a localized optical field to modify an
incident surface-plasmon-polariton (SPP) evanescent field. This leads to high sensitivity (beyond
the diffraction limit) to local environments and provides a scrutiny tool for molecules or protein
selectively bounded with carbon. A scattering matrix with frequencies around the surface-plasmon
(SP) resonance supports this scrutiny tool and exhibits sensibly the increase, decrease and even
a full suppression of the polarization field in the vicinity of a conducting surface for longer SPP
wavelengthes. Moreover, triply-hybridized absorption peaks associated with SP, acoustic- and
optical-like graphene plasmons become significant only at high SP frequencies, but are overshad-
owed by a round SPP peak for low SP frequencies. These resonant features (different from 3D
photonic lattices) facilitate the polariton-only excitations, giving rise to possible polariton conden-
sation for a threshold-free laser. The current graphene-plasmon hybridization formalism can be
easily generalized to other two-dimensional materials, such as silicene, germanene, molybdenum
disulfide, etc.
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FIG. 1. (Color online) Schematics for a thick (semi-infinite) conductor in the region z < 0 and
having a frequency-dependent local dielectric function M (ω). Two graphene layers at z = z0 and
z = z1 above the surface of the conductor are embedded within a semi-infinite dielectric having a
dielectric constant d in the region z > 0. These two-dimensional sheets are coupled to each other
and also to the semi-infinite conductor by an electromagnetic interaction.
I. INTRODUCTION
When light is incident on a semiconductor, its energetic photons can excite electrons
from a lower valence band to a higher conduction band, thereby creating many electron-hole
pairs in the system 1–3. Simultaneously, its electric-field component is able to push away
the negatively (positively) charged electrons (holes) in opposite directions. In this case,
the excited electrons and holes will also exert a back action on the incident light, resulting
from the induced optical polarization as a collection of local dipole moments from many
displaced electrons and holes 4–6. This polarization field can further scatter incident photons
resonantly 3,7,8. Therefore, the quantum nature of Dirac electrons 9–14 will be revealed in this
electron back action on the incident light.
For the hybrid system shown schematically in Fig. 1, we are faced with both radiative
field modes, such as photons and polaritons 15–19, and evanescent field modes, e.g., surface
and graphene plasmons 20–23. Research on the optical response of graphene electrons has
been previously reported 6,23,24, but most of those studies have been concerned with the
effect due to radiation or grating-deflection field coupling. In contrast to the plane-wave-
like light field, we examine the role of coupling by a surface-plasmon-polariton (SPP) near
field 25–27 to graphene electrons with a different dispersion relation from the usual linear
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FIG. 2. (Color online) Schematic representation of the energy dispersion relations for radiative and
evanescent light as well as field modes for the hybrid structure depicted in Fig. 1. These include
photons, polaritons, surface-plasmon polaritons (SPPs), two non-degenerate graphene plasmons
(G-Ps), and surface plasmons (SPs).
one, i.e., ω = qc, for light in free-space. In this paper, double graphene layers are placed
very close to the surface of a conducting substrate so that radiative and evanescent fields
are hybridized effectively 28,29. Consequently, the non-dispersive surface-plasmon (SP) mode
can hybridize successfully with radiative photon and polariton modes 15,16, as well as with
the spatially-localized graphene plasmon (G-P) mode 29,30, as illustrated in Fig. 2. This is
quite different from three-dimensional photonic lattices 31,32, where electrons interact with
quantized multi-subband photons in the first Brillouin zone.
Such a unique dispersion relation of the hybrid light-plasmon modes should be verified
experimentally by optical spectroscopy 33–36. The effective scattering matrix 6,37,38 for such
a coupled system predicts distinctive features neither from the graphene sheets nor from
the conductor on their own, and it retains the properties of a longitudinal electromagnetic
interaction 3,6,7 between electrons in double-layer graphene and a conductor. This scatter-
ing matrix can also be employed for constructing an effective-medium theory 39–42 used for
investigating the optical properties of inserted biomolecules and metamaterials between the
graphene sheets and the surface of the conductor. As a whole, a local environmentally
sensitive super-resolution near-field imaging 43 (beyond the diffraction limit) should be pos-
sible for functionalized biomolecules bounded with either metallic nanodots and nanorods
or carbon atoms of graphene 44,45.
The remainder of the paper is arranged as follows. In Sec. II, we present the Green’s
function formalism for the hybridized system depicted in Fig. 1. By using Green’s func-
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tions, an integral equation is established from Maxwell’s equations by treating double-layer
graphene as a localized polarization-field source. In Sec. III, the optical-response function
of Dirac electrons in gapped graphene is obtained after explicitly calculating the density-
density correlation function at low temperatures. Based on linear-response theory for the
localized graphene polarization field, we present in Sec. IV a self-consistent equation for the
total electric field after combining the integral equation derived in Sec. II with the optical-
response function calculated in Sec. III, from which a dispersion relation is obtained for the
hybridized G-P and SP modes. In addition, a local effective scattering matrix, as well as
a spatial distribution for the scattering field, are derived in Sec. IV, which are further ac-
companied by an optical absorption spectrum calculated for hybridized G-P and SP modes.
Finally, conclusions and some remarks are given in Sec. V.
II. GREEN’S FUNCTION FOR HYBRIDIZED SYSTEMS
Considering steady states, then from one of Maxwell’s equations we can write down the
following equation 3,6,25 for two semi-infinite non-magnetic media in position-frequency space
as
∇×∇×E(r;ω)− b(x3;ω) ω
2
c2
E(r;ω) =
ω2
0c2
P loc(r;ω) , (1)
where E(r;ω) represents the electric component of an electromagnetic field, r = (r‖, x3) =
(x1, x2, x3) is a three-dimensional position vector, ω is the angular frequency of the incident
light. In addition, H(r;ω) = (1/iωµ0)∇ ×E(r;ω) represents the magnetic component of
the electromagnetic field, 0, µ0 and c are the permittivity, permeability and speed of light
in vacuum, respectively. Furthermore, P loc(r;ω) is a local polarization field produced by
optical transitions of electrons in graphene sheets embedded in a semi-infinite dielectric, as
schematically shown in Fig. 1, and the position-dependent dielectric function takes the form
b(x3;ω) =
 d , for x3 > 0M(ω) , for x3 < 0 . (2)
In Eq. (2), d characterizes the semi-infinite dielectric material in the region x3 > 0, while
M(ω) = s − Ω2p/[ω(ω + i0+)] is the dielectric function of the semi-infinite conducting
material in the region x3 < 0. For the Maxwell equation in Eq. (1), we have introduced the
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corresponding Green’s function Gµν(r, r′;ω) that satisfies the equation 25
∑
µ
[
b(x3;ω)
ω2
c2
δλµ − ∂
2
∂xλ∂xµ
+ δλµ∇2r
]
Gµν(r, r′;ω) = δλν δ(r − r′) , (3)
where ∇2r =
∑
µ
∂2/∂x2µ is the Laplace operator, δλµ is the Kronecker delta, and the indices
λ, µ = 1, 2, 3 specify three spatial directions. Using the Green’s function determined by
Eq. (3), we can rewrite the Maxwell equation in Eq. (1) in integral form 3,6
Eµ(r;ω) = E
inc
µ (r;ω) +
ω2
0c2
∑
ν
∫
d3r′ Gµν(r, r′;ω)P locν (r′;ω) , (4)
where Eincµ (r;ω) stands for a solution for the following homogeneous equation
25
∑
ν
[
b(x3;ω)
ω2
c2
δµν − ∂
2
∂xµ∂xν
+ δµν ∇2r
]
Eincν (r;ω) = 0 . (5)
The source term P locν (r′;ω) in Eq. (4) usually depends linearly on the total electric field
(assuming a weak field) and can be related to the optical response function 3,6 of an electronic
system.
Specifically, for a translationally invariant hybrid semi-infinite system, the Green’s func-
tion can be expressed in terms of its two-dimensional (2D) Fourier transform for the (x1, x2)-
plane
Gµν(r, r′;ω) =
∫ d2q‖
(2pi)2
e
iq‖·(r‖−r′‖) gµν(q‖, ω|x3, x′3) , (6)
where we have introduced a 2D wave vector q‖ = (q1, q2). Substituting Eq. (6) into Eq. (3),
we obtain a set of coupled differential equations

b
ω2
c2
− q22 +
d2
dx23
q1q2 −iq1 d
dx3
q1q2 b
ω2
c2
− q21 +
d2
dx23
−iq2 d
dx3
−iq1 d
dx3
−iq2 d
dx3
b
ω2
c2
− q2‖


g11 g12 g13
g21 g22 g23
g31 g32 g33
 = δ(x3 − x′3)

1 0 0
0 1 0
0 0 1
 . (7)
After introducing a rotational transformation 25 in q‖-space
fµν(q‖, ω|x3, x′3) =
∑
µ′,ν′
Sµµ′(q‖)Sνν′(q‖) gµ′ν′(q‖, ω|x3, x′3) , (8)
where the rotational matrix S(q‖) is
5
S(k‖) = 1
q‖

q1 q2 0
−q2 q1 0
0 0 q‖
 , (9)
we get an equivalent but simple expression for Eq. (7) as

b
ω2
c2
+
d2
dx23
0 −iq‖ d
dx3
0 b
ω2
c2
− q2‖ +
d2
dx23
0
−iq‖ d
dx3
0 b
ω2
c2
− q2‖


f11 f12 f13
f21 f22 f23
f31 f32 f33
 = δ(x3−x′3)

1 0 0
0 1 0
0 0 1
 . (10)
In order to acquire the solution for Eq. (10), we have to apply both the finite-value boundary
condition at x′3 = ±∞ as well as the continuity boundary condition at the x3 = 0 interface.
This leads to the following five nonzero fµν(q‖, ω|x3, x′3) functions 25,26 for Eq. (8), i.e.,
f22(q‖, ω|x3, x′3)
=

−
(
i
2p
)
2p
pd + p
eipdx3−ipx
′
3 , x3 > 0 , x
′
3 < 0
−
(
i
2p
)[
eip|x3−x
′
3| − pd − p
pd + p
e−ip(x3+x
′
3)
]
, x3 < 0 , x
′
3 < 0
−
(
i
2pd
)[
eipd|x3−x
′
3| +
pd − p
pd + p
eipd(x3+x
′
3)
]
, x3 > 0 , x
′
3 > 0
−
(
i
2pd
)
2pd
pd + p
e−ip(x3−x
′
3) , x3 < 0 , x
′
3 > 0
, (11)
f13(q‖, ω|x3, x′3)
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=
iq‖c2
2M(ω)ω2
[
2M(ω)pd
M(ω)pd + d p
]
eipdx3−ipx
′
3 , x3 > 0 , x
′
3 < 0
iq‖c2
2M(ω)ω2
[
eip|x3−x
′
3| sgn(x3 − x′3) +
M(ω)pd − d p
M(ω)pd + d p
e−ip(x3+x
′
3)
]
, x3 < 0 , x
′
3 < 0
iq‖c2
2d ω2
[
eipd|x3−x
′
3| sgn(x3 − x′3) +
M(ω)pd − d p
M(ω)pd + d p
eipd(x3+x
′
3)
]
, x3 > 0 , x
′
3 > 0
− iq‖c
2
2d ω2
[
2d p
M(ω)pd + d p
]
e−ipx3+ipdx
′
3 , x3 < 0 , x
′
3 > 0
(12)
f33(q‖, ω|x3, x′3)
=

−ik
2
‖c
2
ω2
[
1
M(ω)pd + d p
]
eipdx3−ipx
′
3 , x3 > 0 , x
′
3 < 0
c2
M(ω)ω2
δ(x3 − x′3)−
ik2‖c
2
2p M(ω)ω2
×
[
eip|x3−x
′
3| − M(ω)pd − d p
M(ω)pd + d p
e−ip(x3+x
′
3)
]
, x3 < 0 , x
′
3 < 0
c2
d ω2
δ(x3 − x′3)−
iq2‖c
2
2pdd ω2
×
[
eipd|x3−x
′
3| +
M(ω)pd − d p
M(ω)pd + d p
eipd(x3+x
′
3)
]
, x3 > 0 , x
′
3 > 0
−ik
2
‖c
2
ω2
[
1
M(ω)pd + d p
]
e−ipx3+ipdx
′
3 , x3 < 0 , x
′
3 > 0
(13)
f11(q‖, ω|x3, x′3)
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=
−ipdp c
2
ω2
[
1
M(ω)pd + d p
]
eipdx3−ipx
′
3 , x3 > 0 , x
′
3 < 0
− ip c
2
2M(ω)ω2
[
eip|x3−x
′
3| +
M(ω)pd − d p
M(ω)pd + d p
e−ip(x3+x
′
3)
]
, x3 < 0 , x
′
3 < 0
− ipdc
2
2d ω2
[
eipd|x3−x
′
3| − M(ω)pd − d p
M(ω)pd + d p
eipd(x3+x
′
3)
]
, x3 > 0 , x
′
3 > 0
− ipdc
2
2d ω2
[
2dp
M(ω)pd + d p
]
e−ipx3+ipdx
′
3 , x3 < 0 , x
′
3 > 0
(14)
f31(q‖, ω|x3, x′3)
=

iq‖c2
ω2
[
p
M(ω)pd + d p
]
eipdx3−ipx
′
3 , x3 > 0 , x
′
3 < 0
iq‖c2
2M(ω)ω2
[
eip|x3−x
′
3| sgn(x3 − x′3)−
M(ω)pd − d p
M(ω)pd + d p
e−ip(x3+x
′
3)
]
, x3 < 0 , x
′
3 < 0
iq‖c2
2d ω2
[
eipd|x3−x
′
3| sgn(x3 − x′3)−
M(ω)pd − d p
M(ω)pd + d p
eipd(x3+x
′
3)
]
, x3 > 0 , x
′
3 > 0
−iq‖c
2
ω2
[
pd
M(ω)pd + d p
]
e−ipx3+ipdx
′
3 , x3 < 0 , x
′
3 > 0
(15)
where sgn(x) is the sign function,
pd(q‖, ω) =
√
d
ω2
c2
− q2‖ , (16)
p(q‖, ω) =
√
M(ω)
ω2
c2
− q2‖ , (17)
Im[pd(q‖, ω)] ≥ 0, and Im[p(q‖, ω)] ≥ 0. From these five nonzero fµν(q‖, ω|x3, x′3) functions,
we arrive at
gµν(q‖, ω|x3, x′3) =
∑
µ′,ν′
fµ′ν′(q‖, ω|x3, x′3)Sµ′µ(q‖)Sν′ν(q‖) , (18)
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which can be substituted into Eq. (6) to obtain the Green’s function Gµν(r, r′;ω) in position
space. However, in our model system depicted in Fig. 1, we only consider the case when
x3, x
′
3 > 0.
III. OPTICAL RESPONSE FUNCTION FOR GRAPHENE
For an embedded 2D graphene sheet, the optical response function for Dirac electrons is
found to be 49
χ(0)s (p‖, ω) =
 e2
0 p2‖
Π(0)s (p‖, ω) , (19)
where p‖ = (p1, p2) stands for the in-plane electron wave vector, and Π
(0)
s (p‖, ω) represents
the density-density response function for Dirac electrons within the graphene sheet which is
given by 50
Π(0)s (p‖, ω) =
4
A
∑
n1,n2=±1
∑
k‖
∣∣∣< n1,k‖|e−ip‖·r‖ |n2,k‖ + p‖ >∣∣∣2
× f0(εn1,k‖)− f0(εn2,k‖+p‖)
εn2,k‖+p‖ − εn1,k‖ − h¯(ω + i0+)
. (20)
In Eq. (20), A is the normalization area for graphene, , ε±,k‖ = ±
√
h¯2v2Fk
2
‖ + ε
2
G/4 are the
kinetic energies for the upper (+, electrons) and lower (−, holes) Dirac cones, vF is the Fermi
velocity of graphene electrons, εG is the induced energy gap of the graphene sheet, and f0(x)
represents the Fermi-Dirac distribution function for thermal-equilibrium electrons. At very
low temperatures, we have f0(εn,k‖) ≈ Θ(EF −εn,k‖), where EF is the Fermi energy of doped
electrons and Θ(x) is the unit step function.
After a lengthy calculation, from Eq. (20) we obtain an analytic expression for a gapped
graphene sheet at T ≈ 0 K as follows 50:
Π(0)s (p‖, ω) =
2EF
pih¯2v2F
− p
2
‖
4pih¯
√
|v2Fp2‖ − ω2|
× {i [G>(x1,−)−G>(x1,+)]Q1<(x2,−) + [G<(x1,−) + iG>(x1,+)]Q2<(x2,−, x2,+)
+ [G<(x1,+) +G<(x1,−)]Q3<(x2,−) + [G<(x1,−)−G<(x1,+)]Q4<(x2,+)
+ [G>(x1,+)−G>(x1,−)]Q1>(x2,−, x3) + [G>(x1,+) + iG<(x1,−)]Q2>(x2,−, x2,+)
9
+
[
G>(x1,+)−G>(−x1.−)− ipi[2− x20]
]
Q3>(x2,+)
+
[
G>(−x1,−) +G>(x1,+)− ipi[2− x20]
]
Q4>(x2,−, x3)
+ [G0(x1,+)−G0(x1,−)]Q5>(x3)} , (21)
where EF =
√
(h¯vFkF )2 + (εG/2)2 − εG/2 with respect to the zero-energy point at k‖ = 0,
and kF =
√
(EF + εG/2)2 − (εG/2)2/h¯vF is the Fermi wave number.
In Eq. (21), we have introduced three self-defined functions which are given by
G<(x) = x
√
x20 − x2 −
(
2− x20
)
cos−1
(
x
x0
)
, (22)
G>(x) = x
√
x2 − x20 −
(
2− x20
)
cosh−1
(
x
x0
)
, (23)
G0(x) = x
√
x2 − x20 −
(
2− x20
)
sinh−1
 x√
−x20
 . (24)
Moreover, nine region functions employed in Eq. (21) are defined by
Q1<(x2,−) = Θ(EF − x2,− − h¯ω) ,
Q2<(x2,−, x2,+) = Θ(−h¯ω − EF + x2,−) Θ(h¯ω + EF − x2,−) Θ(EF + x2,+ − h¯ω) ,
Q3<(x2,−) = Θ(−EF + x2,− − h¯ω) ,
Q4<(x2,+) = Θ(h¯ω + EF − x2,+) Θ(h¯vFp‖ − h¯ω) ,
Q1>(x2,−, x3) = Θ(2kF − p‖) Θ(h¯ω − x3) Θ(EF + x2,− − h¯ω) ,
Q2>(x2,−, x2,+) = Θ(h¯ω − EF − x2,−) Θ(EF + x2,+ − h¯ω) ,
Q3>(x2,+) = Θ(h¯ω − EF − x2,+) ,
Q4>(x2,−, x3) = Θ(p‖ − 2kF ) Θ(h¯ω − x3) Θ(EF + x2,− − h¯ω) ,
Q5>(x3) = Θ(h¯ω − h¯vFp‖) Θ(x3 − h¯ω) . (25)
Finally, we have defined six variables x0, x1,±, x2,± and x3 in region functions through
x0 =
√√√√1 + ε2G
h¯2v2Fp
2
‖ − h¯2ω2
,
x1,± =
2EF ± h¯ω
h¯vFp‖
,
10
x2,± =
√
h¯2v2F (p‖ ± kF )2 + ε2G/4 ,
x3 =
√
h¯2v2Fp
2
‖ + ε
2
G . (26)
For the gapless graphene sheet with εG = 0, Eq. (21) reduces to
51
Π(0)s (p‖, ω) = ipi
F (p‖, ω)
h¯2v2F
+
2EF
pih¯2v2F
− F (p‖, ω)
h¯2v2F
{
G
(
h¯ω + 2EF
h¯vFp‖
)
−Θ
(
2EF − h¯ω
h¯vFp‖
− 1
)
×
[
G
(
2EF − h¯ω
h¯vFp‖
)
− ipi
]
−Θ
(
h¯ω − 2EF
h¯vFp‖
+ 1
)
G
(
h¯ω − 2EF
h¯vFp‖
)}
, (27)
where another two self-defined functions are
F (p‖, ω) =
1
4pi
h¯v2Fp
2
‖√
ω2 − v2Fp2‖
, (28)
G(z) = z
√
z2 − 1− ln
(
z +
√
z2 − 1
)
. (29)
IV. HYBRIDIZED MODES FOR DOUBLE-LAYER GRAPHENE
We would like to emphasize that our model system, illustrated in Fig. 1, consists of
a semi-infinite conducting substrate along with a dielectric material with an embedded
double-layer graphene above the conductor surface. A surface-plasmon (SP) field is locally
excited through a surface grating by normally-incident light outside the graphene region.
This surface-propagating SP field further excites Dirac electrons in the off-surface coupled
pair of graphene sheets. As a result, the induced optical-polarization field from the excited
Dirac electrons constitutes local resonant scattering sources to the Maxwell equation for the
propagating SP field in the system. 3,7
Making use of the Green’s function Gµν(r, r′;ω) in Eq. (6), we have converted the Maxwell
equation for the electric fieldE(r;ω) into a three-dimensional integral equation, as presented
by Eq. (4) in which Einc(r;ω) represents the external SP near field in the region defined as
x3 > 0, given explicitly by
3,6
Einc(r;ω) = E0 e
iq0(ω)·D0 c
ω
[iqˆ0β3(q0, ω)− xˆ3q0(ω)] eiq0(ω)·r‖ e−β3(q0, ω)x3 . (30)
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In Eq. (30), qˆ0 and xˆ3 are unit vectors along the directions of the in-plane SP wave vector
q0(ω) = q0(ω)(cos θ0, sin θ0) and x3, E0 is the field amplitude, ω is the field frequency, θ0 is
the angle of the incident SP field with respect to the x1 direction, D0 indicates the position
vector of the surface grating, and the introduced in-plane and out-of-plane wave numbers
are given, respectively, by
q0(ω) =
ω
c
√√√√ d M(ω)
d + M(ω)
, (31)
β3(q0, ω) =
√
q20(ω)−
ω2
c2
, (32)
where Re[q0(ω)] ≥ 0 and Re[β3(q0, ω)] ≥ 0. As q0 → ∞, from Eq. (31) we know that d +
M(ω) = 0, which gives rise to the uncoupled SP energy
52 h¯Ωr = h¯Ωp/
√
s + d. Therefore,
Eq. (30) represents the SP-like near field in the limit of q0 →∞, while it becomes a light-like
radiation field in the limit of q0 → 0. The complex M(ω) in Eq. (31) implies an in-plane
propagation loss for the SP field.
For the two-dimensional graphene sheets, we can simply write down P loc(r′;ω) =∑
j=0,1
P s(r′‖;ω|zj) δ(x′3 − zj) with zj labeling the positions of two graphene sheets in the
x3 direction. Therefore, from Eq. (4) we obtain
Eµ(r‖;ω|x3) = Eincµ (r‖;ω|x3) +
ω2
0c2
3∑
ν=1
1∑
j=0
∫
d2r′‖ Gµν(r‖, r′‖;ω|x3, zj)Psν(r′‖;ω|zj) , (33)
where Gµν(r‖, r′‖;ω|x3, zj) represents Gµν(r, r′;ω) evaluated at r = (r‖, x3) & r′ = (r′‖, zj),
and E(r‖;ω|x3) is simply E(r;ω) at r = (r‖, x3).
After performing a Fourier transformation on the Green’s function, as given by Eq. (6), for
the translationally invariant semi-infinite hybrid conductor system within the (x1, x2)-plane,
we can rewrite Eq. (33) as
Eµ(r‖;ω|x3) = Eincµ (r‖;ω|x3)
+
ω2
0c2
3∑
ν=1
1∑
j=0
∫ d2q‖
(2pi)2
eiq‖·r‖ gµν(q‖, ω|x3, zj)Psν(q‖, ω|zj) , (34)
where we have introduced the Fourier transformed polarization field
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P s(q‖, ω|zj) =
∫
d2r′‖ e
−iq‖·r′‖ P s(r′‖;ω|zj) . (35)
Using linear response theory 6,47 for translationally-invariant monolayer graphene sheets
within the (x1, x2)-plane, we obtain
Psν(q‖, ω|zj) = 0χ(0)j (q‖, ω) (1− δν3)
∫
d2r′‖ e
−iq‖·r′‖ Eν(r′‖;ω|zj) , (36)
where the optical polarization of graphene is limited within each sheet, χ
(0)
j (q‖, ω) is the
optical-response function for Dirac electrons within the jth graphene sheet and is given,
under the condition q‖ > ω/c, by Eqs. (19) and (20).
Setting x3 = zj in Eq. (34) and meanwhile using Eq. (36), we arrive at the following
two coupled self-consistent equations for the total electric field E(q‖, ω|zj) on the graphene
sheets, i.e.,
Eµ(q‖, ω|zj) = Eincµ (q‖, ω|zj)
+
ω2
c2
3∑
ν=1
1∑
j′=0
gµν(q‖, ω|zj, zj′) (1− δν3)χ(0)j′ (q‖, ω)Eν(q‖, ω|zj′) , (37)
where j = 0, 1 and we have used a Fourier transform for the electric field E(r‖;ω|zj) as
E(q‖, ω|zj) =
∫
d2r‖ e−iq‖·r‖ E(r‖;ω|zj) . (38)
Moreover, Einc(q‖, ω|zj) in Eq. (37) can be calculated directly from Eq. (30) as
Einc(q‖, ω|zj) = δ(q‖ − q0)E0 eiq0·D0
(2pi)2c
ω
(iqˆ0β3 − xˆ3q0) e−β3zj
≡ (2pi)2δ(q‖ − q0)A(q0, ω|zj)E0 eiq0·D0 . (39)
where Aµ(q0, ω|zj) for µ = 1, 2, 3 represents the field enhancement factors.
If we set Einc(q‖, ω|zj) = 0 in Eq. (37), we are able to obtain the following dispersion
equation for the self-sustained density oscillations within two graphene sheets, and the re-
sulting dispersion relation ω = Ωg−sp(q‖) for the hybrid graphene-surface plasmon modes is
determined by the following secular equation 48
Det
[
δµν δjj′ − ω
2
c2
gµν(q‖, ω|zj, zj′) (1− δν3)χ(0)j′ (q‖, ω)
]
≡ Det
[
C˜jj′µν (q‖, ω)
]
= 0 , (40)
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where µ, ν = 1, 2, 3, j, j′ = 0, 1, and the 2× 2 block (or 6× 6) coefficient matrix C˜jj′µν (q‖, ω)
is given by
 δµν − ω
2
c2
gµν(q‖, ω|z0, z0) (1− δν3)χ(0)0 (q‖, ω) −
ω2
c2
gµν(q‖, ω|z0, z1) (1− δν3)χ(0)1 (q‖, ω)
−ω
2
c2
gµν(q‖, ω|z1, z0) (1− δν3)χ(0)0 (q‖, ω) δµν −
ω2
c2
gµν(q‖, ω|z1, z1) (1− δν3)χ(0)1 (q‖, ω)
 . (41)
The zj position dependence in Eq. (40) reflects the distinctive near-field coupling
3,6 between
the surface plasmons and Dirac electrons in graphene. Here, the factor gµν(q‖, ω|zj, zj′)
comes from the surface-plasmon response, while the other factor χ
(0)
j (q‖, ω) corresponds to
the graphene optical response. Therefore, their product in Eq. (40) represents contributions
to the hybrid graphene-surface plasmon modes. The uncoupled surface-plasmon dispersion
relation is included through gµν(q‖, ω|zj, zj) in an inexplicit way for q‖ → ∞. Moreover,
the interlayer graphene coupling becomes insignificant as q‖|z1 − z0|  1. Graphically, the
dispersion relation of such hybrid graphene-surface plasmon modes can be shown with the
sign switching in the density plot for the real part of 1/Det
[
C˜jj′µν (q‖, ω)
]
within the (ω, q‖)-
plane.
By using the 6×6 inverted coefficient matrix {C˜jj′µν (q‖, ω)}−1 calculated from Eq. (41), we
can further compute the distribution of the total electric field (i.e., incident field plus the
scattering field) by
Eµ(q‖, ω|x3) = Eincµ (q‖, ω|x3) +
ω2
c2
1∑
j=0
χ
(0)
j (q‖, ω)
×
3∑
ν=1
gµν(q‖, ω|x3, zj) (1− δν3)
 3∑
µ′=1
1∑
j′=0
{C˜jj′νµ′(q‖, ω)}−1Eincµ′ (q‖, ω|zj′)
 , (42)
where the second term represents the contribution from the scattering field 6.
It is clear from Eq. (42) that in the absence of a graphene sheet, i.e. χ
(0)
j (q‖, ω) = 0, the
semi-infinite dielectric (with a relative dielectric constant d) is static, uniform and isotropic
in the upper half space with an effective scattering matrix 6 αeffµν(q‖, ω|x3, x′3) = 0. In the
presence of the graphene sheets, on the other hand, the induced local polarization fields
from the excited Dirac electrons within the graphene sheets are introduced. In addition,
the retarded coulomb coupling between plasmon excitations in the graphene and in the
semi-infinite conductor is also introduced into the system at the same time. Consequently,
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the effective scattering matrix αeffµν(q‖, ω|x3, x′3) becomes finite, dynamical, non-uniform and
anisotropic in the space, and is calculated from Eq. (42) as
αeffµν(q‖, ω|x3, x′3) ≡
∂
∂E incν (q‖, ω|x′3)
[
Eµ(q‖, ω|x3)− Eincµ (q‖, ω|x3)
]
=
ω2
c2
1∑
j′=0
δ(x′3 − zj′)
1∑
j=0
χ
(0)
j (q‖, ω)
3∑
ν′=1
gµν′(q‖, ω|x3, zj) (1− δν′3) {C˜jj
′
ν′ν(q‖, ω)}−1 . (43)
In Eq. (43), q‖ is a real vector, the single factor χ
(0)
j (q‖, ω) represents the contribution from
the resonant excitation of Dirac electrons within the graphene sheet, while the combined
factor gµν′(q‖, ω|x3, zj) (1− δν′3) {C˜jj
′
ν′ν(q‖, ω)}−1 corresponds to the electromagnetic coupling
between the semi-infinite conductor and the graphene sheet. Using Eq. (43), we can define
a local effective scattering matrix through
αeffµν(q‖, ω|x3) =
∞∫
0
dx′3 α
eff
µν(q‖, ω|x3, x′3)
=
ω2
c2
1∑
j=0
χ
(0)
j (q‖, ω)
3∑
ν′=1
gµν′(q‖, ω|x3, zj) (1− δν′3)
1∑
j′=0
{C˜jj′ν′ν(q‖, ω)}−1 . (44)
which displays two peaks at x3 = z0, z1, and the broadening of the peak is determined by
the exponential decay 25,26 of the Green’s function. This implies that the dielectric constant
in the region between graphene sheets and the surface of the semi-infinite conductor will be
modified significantly only if the graphene sheets stay very close to the surface of the semi-
infinite conductor, i.e., the SP wavelength is required to be larger than the sheet separation
from the surface.
Using Eq. (42), we also get the total electric field in the real space, yielding
Eµ(r‖, ω|x3) = Eincµ (r‖, ω|x3) +
ω2
c2
∫ d2q‖
(2pi)2
eiq‖·r‖
1∑
j=0
χ
(0)
j (q‖, ω)
×
3∑
ν=1
gµν(q‖, ω|x3, zj) (1− δν3)
 3∑
µ′=1
1∑
j′=0
{C˜jj′νµ′(q‖, ω)}−1Eincµ′ (q‖, ω|zj′)
 , (45)
where Einc(r‖, ω|x3) has already been given by Eq. (30), and Es(r‖, x3|ω) = E(r‖, ω|x3) −
Einc(r‖, ω|x3) stands for the spatial distribution of the scattering field.
Furthermore, by employing the calculated electric fieldE(q‖, ω|zj) on the graphene sheets
from Eq. (37), the optical-absorption coefficient βabs(ω) for the SP field by Dirac electrons
is expressed as 55–58
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βabs(ω) =
ω
√
d
nr(ω) c
[
1
exp(h¯ω/kBT )− 1 + 1
]
Im [αL(ω)] , (46)
where αL(ω) is the complex Lorentz function given by
αL(ω) =
(
2pie2
0rq20
)(
q20 − d
ω2
c2
)1/2 1∑
j=0
[
Π
(0)
j (q0, ω) + {Π(0)j (q0, −ω)}∗
]
×
∣∣∣∣∣∣
3∑
µ=1
eˆµ
3∑
ν=1
1∑
j′=0
{C˜jj′µν (q0, ω)}−1Aν(q0, ω|zj′)
∣∣∣∣∣∣ , (47)
r is the average dielectric constant of graphene embedded in the dielectric host. In Eq. (47),
q0 ≡ Re[q0(ω)] qˆ0 is a real vector, eˆinc = (eˆ1, eˆ2, eˆ3) represents the unit polarization vector
for the propagating SP field, and the scaled refractive index function nr(ω) in Eq. (46) is
55–58
nr(ω) =
1√
2
(
1 + Re [αL(ω)] +
√
{1 + Re [αL(ω)]}2 + {Im [αL(ω)]}2
)1/2
. (48)
We now turn to presenting and discussing our numerical results in the next section.
V. RESULTS AND DISCUSSIONS
In our numerical calculations, we use the Fermi wave vector kF =
√
pin0 as the scale for
wave numbers, 1/kF for lengths, and EF = h¯vFkF for energies. The direction of propagation
of the SP field is chosen as qˆ0 = (1, 0, 0) for convenience, and we also set s = 13.3,
d = r = 2.4, vF = 1×108 cm/s, and n0 = 5×1011 cm−2 for the doping density in graphene.
Moreover, the SP energy h¯Ωr and the half bandgap ∆ = εG/2 will be given directly in figure
captions.
For a retarded interaction between light and graphene electrons, both radiative and
evanescent modes must be considered in the hybrid system. The radiative modes include
photons and polaritons, while the evanescent (localized) modes appear as surface-plasmon
polaritons (SPPs), graphene plasmons (G-Ps), and surface plasmons (SPs). Figure 3 dis-
plays the real part of D−1(q‖, ω | z1, z2) = 1/Det
[
C˜jj′µν (qx, ω)
]
for four different ranges of qx.
As Fig. 3(a) shows, in addition to the SPP mode, the hybridizations of both radiative pho-
ton and polariton modes with localized SPs (illustrated in Fig. 2) appear in this very small
qx range. As the qx range slightly expands in Fig. 3(b), the SPP mode in Fig. 3(a) is fully
developed, which is accompanied by two degenerate acoustic-like G-P modes at very low
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FIG. 3. (Color online) Results for hybrid plasmon modes in different ranges of wavenumber. Den-
sity plots are presented for the real part of D−1(q‖, ω | z0, z1) = 1/Det
[
C˜jj′µν (qx, ω)
]
using Eq. (41)
with qmaxx /kF = 0.03, 0.075, 2.5 and 6.0. The hybrid-plasmon dispersions initially appear as strong
variations between positive (red) and negative (violet) peaks. The layer separations from the con-
ductor surface are z0 = 0.01 k
−1
F and z1 = 0.011 k
−1
F . The surface-plasmon energy is equal to
h¯Ωr = 1.78EF,1. Each graphene sheet is equally doped up to a Fermi energy EF,1 = EF,2 = EF
and acquires a zero bandgap, i.e., ∆1 = ∆2 = 0.
energies. As the qx range further increases in Figs. 3(c) and 3(d), the G-P energy exceeds
that of the SPP. Consequently, a single anticrossing of the G-P with SPP appears.
In Fig. 4, a finite bandgap parameter ∆2 = 0.5EF is introduced to the top graphene
layer, and two G-P modes become non-degenerate. By comparing with Fig. 3, no changes
in Figs. 4(a) and 4(b) are found for photon and polariton modes in smaller ranges of qx.
However, as the qx range is increased in Figs. 4(c) and 4(d), the splitting of the two acoustic-
like G-P modes and two optical-like SPP modes become visible in Fig. 4(c), where the lower
(higher) energy G-P mode is associated with the top (bottom) layer. Moreover, the top-
layer G-P mode after the second anticrossing in Fig. 4(d) is enhanced by reducing the Landau
damping due to a finite bandgap.
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FIG. 4. (Color online) Density plots for the real part of D−1(q‖, ω | z0, z1) with qmaxx /kF =
0.03, 0.075, 2.5 and 6.0. We set z1 = 0.01 k
−1
F , z2 = 0.011 k
−1
F and h¯Ωr = 1.78EF . Each graphene
sheet has the same Fermi energy EF,1 = EF,2 = EF but has different bandgaps ∆1 = 0 and
∆2 = 0.5EF .
In Fig. 5, doping in the top layer is increased, thereby leading to two non-degenerate
acoustic-like G-P modes, where the top layer has a higher G-P energy. Compared with
Fig. 3, we find small but visible change in Figs. 5(a) and 5(b) for the optical-like SPP mode
in shorter ranges for qx since the graphene Fermi velocity is independent of doping. For
larger qx ranges in Figs. 5(c) and 5(d), the anticrossing gap is greatly increased due to an
enhanced retarded Coulomb interaction between the graphene layers and the conducting
substrate for higher doping in the top layer. Meanwhile, the energy of the SPP mode is
pushed up significantly, which is attributed to the increased slope of the optical-like SPP
mode by higher doping in the top layer. However, the anticrossing is still dominated by the
bottom layer G-P mode since the Landau damping of the top layer G-P mode becomes large
due to its higher doping level. as shown in Fig. 5(d).
The splitting of G-P modes in Fig. 4 with ∆2 = EF/2 becomes much more clear in Fig. 6
after we bring into a bandgap ∆2 = EF to the top graphene layer in Fig. 5. We find no
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FIG. 5. (Color online) Density plots for the real part of D−1(q‖, ω | z0, z1) with qmaxx /kF =
0.03, 0.075, 2.5 and 6.0. We chose z1 = 0.01 k
−1
F , z2 = 0.011 k
−1
F and h¯Ωr = 1.78EF . Each
graphene layer has zero bandgap, i.e., ∆1 = ∆2 = 0 but has different Fermi energies EF,1 = EF
and EF,2 = 2EF .
changes about photon and polariton modes in Figs. 6(a) and 6(b) for smaller qx ranges in
comparison with Fig. 5. On the other hand, as the qx range is enlarged in Figs. 6(c) and 6(d),
two non-degenerate acoustic-like G-P modes occur clearly in the anticrossing region, similar
to Figs. 4(c) and 4(d). Here, the increased doping level in the top layer pushes up the energy
of optical-like SPP mode and expands the anticrossing gap, while the increased bandgap of
the same layer splits the acoustic-like G-P mode into two at the same time, in comparisons
with Figs. 4 and 5, respectively. As a result, two successive plasmon-mode hybridizations
can been see very clearly in Figs. 6(c) within the anticrossing region.
The zj dependence in the secular equation Det
[
C˜jj′µν (qx, ω)
]
= 0 reflects the distinctive
evanescent coupling between SPs and G-Ps. By moving the graphene sheet a bit further
away from the surface of the conductor (increasing zj), the anticrossing gap will shrink
due to decreased retarded coupling between them. Meanwhile, the strengths of all the
plasmon, polariton and photon modes will increase due to loss suppression of these modes
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FIG. 6. (Color online) Density plots for the real part of D−1(q‖, ω | z0, z1) with qmaxx /kF =
0.03, 0.075, 2.5 and 6.0. We chose z1 = 0.01 k
−1
F , z2 = 0.011 k
−1
F and h¯Ωr = 1.78EF . Each
graphene layer has a different Fermi energy given by EF,1 = EF and EF,2 = 2EF as well as
different bandgaps ∆1 = 0 and ∆2 = EF .
to the conducting substrate. The incident SP field suffers not only Ohmic loss during its
propagation along the conductor surface, but also absorption loss by its coupling to G-Ps.
Figures 7(a) and 7(b) compare the absorption spectra βabs(ω) for h¯Ωr/EF = 0.25 and
1.78. When h¯Ωr is increased, the decay length of the SPP field becomes shorter, as indicated
by the inset of Fig. 7(b). Consequently, the SPP field will concentrate more within the region
close to the conducting surface, and the overall absorptions of various plasmon modes look
much stronger in Fig. 7(b). Here, the highest sharp peak in Fig. 7(b) is associated with the
optical-like G-P mode which is hybridized with the SP mode. The deep trough on its left-
hand side results from the anticrossing gap. Another peak with ∆ 6= 0 below this trough
is attributed to the acoustic-like G-P mode which is accompanied by a hybrid SP peak on
its right-hand side for ∆ = 0 case. Finally, the rounded shoulder below this acoustic-like
G-P peak comes from the SPP mode. As the bandgap ∆ is increased, the hybrid SP peak is
quickly suppressed, and the acoustic-like G-P peak slightly moves down in energy from the
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FIG. 7. (Color online) Optical absorption spectra β(ω) (in units of kF,1) as a function of scaled
photon energy h¯ω/EF,1. Panels (a) and (b) are for two graphene layers at z0 = 0.01 k
−1
F , z1 = 1.1 z0
and having EF,1 = EF,2 = EF (all but (e)), ∆1 = ∆2 = ∆ (all but (f)) with different SP
energies h¯Ωr/EF = 0.25, 1.78, respectively. The red, black, blue and green curves correspond to
∆/EF = 0, 0.3, 0.5, 0.7, respectively. Inset (i1) shows the dependence of β(ω) on z0 for ω/Ωr =
0.4, 0.5, 0.6, 0.7. All the other panels have h¯Ωr = 1.78EF,1. Panel (c) shows the red, black, blue,
green and orange curves for z0/k
−1
F = 1, 5, 10, 25, 50 with z1 = 2 z0 and ∆ = 0. Plot (d) displays
the red, black, blue, green and orange curves for z1/z0 = 1.1, 10, 50, 100, 200 with z0 = k
−1
F and
∆ = 0. Panel (e) presents the red, black, blue and green curves for EF,2/EF,1 = 1, 1.5, 2 and 2.5
with ∆/EF,1 = 0.3, z0 = 0.01 k
−1
F,1 and z2 = 1.1 z0. Plot (f) displays the red, black, blue and green
curves relate for ∆2/EF = 0, 0.3, 0.5, 0.7 with z0 = 0.01 k
−1
F , z1 = 1.1 z0 and ∆1 = 0.
trough side. Meanwhile, the SPP round peak is also reduced with increasing bandgap ∆.
When both graphene layers are moved further away from the surface of the conductor in
Fig. 7(c), there is little change in the highest optical-like G-P peak. On the other hand, the
acoustic-like G-P peak is completely suppressed for a larger layer separation from the surface,
leading to a single sharp hybrid SP peak below the trough. This is further accompanied by
the dramatic reduction of the SPP round peak. If only the interlayer separation is increased
but the bottom layer is fixed, we find from Fig. 7(d) a very similar effect as that in Fig. 7(c).
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FIG. 8. (Color online) 3D plots for [Re{αeff11 (qx, ω |x3)}]1/5 with ω/Ωr = 0.7 (a), 0.8 (b), 0.9 (c) and
1.0 (d), where EF,1 = EF,2 = EF , ∆1 = ∆2 = 0, z0 = 5.0 k
−1
F , z1 = 1.2 z0, and h¯Ωr/EF = 1.78.
However, unresolved weak absorption from the bottom graphene layer still exists in this
case.-
In Fig. 7(e), we compare our results for double gapped-graphene layers having different
doping levels in the top layer. The increased doping in the upper layer has no effect on
the highest optical-like G-P peak and trough. Although the hybrid SP peak is suppressed
by increasing the doping, the acoustic-like G-P peak is enhanced. More importantly, the
rounded SPP peak increases greatly in this case by a large retarded Coulomb coupling to
the conducting surface due to a higher doping level. If only the bandgap of the top layer is
increased from zero, while that of the bottom layer is kept zero, we find a similar effect in
Fig. 7(f) in comparison to that in Fig. 7(b), where the bandgaps of both layers are the same
and increased from zero.
In addition to optical absorption by the G-Ps, SPs and SPPs in Fig. 7, resonant scattering
of the SP from double-layer G-Ps also appears, as given by Eq. (44). Figure 8 presents 3D
plots for [Re{αeff11 (qx, ω|x3)}]1/5 with four ω values, where the two graphene sheets are placed
relatively close to the surface. The scattering matrix is defined by αeffµν ≡ delta(Eµ −
E incµ )/δE incν , and therefore, its signs correspond to an enhanced (+) or weakened (−) SPP
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FIG. 9. (Color online) Complex amplitudes E˜s1(ω|z0)/E0 of a scattering field, calculated from
Eq. (45), as functions of incident photon energy h¯ω/EF for x3 = z0, h¯Ωr/EF = 1.78 [(a), (b)]
and h¯Ωr/EF = 0.25 [(c), (d)]. The real [(a), (c)] and imaginary [(b), (d)] parts of this complex
amplitude are displayed for ∆/EF = 0 and 0.8 for each panel. Here, we write the scattering field
as: Es1(x1, x3|ω)|x3=z0 ≡ E˜s1(ω|z0) exp(iRe[q0(ω)]x1). Moreover, we assume EF,1 = EF,2 = EF ,
∆1 = ∆2 = ∆, z0 = 0.01 k
−1
F , and z1 = 200 z0.
field after the scattering with G-Ps. If both qx and x3 are sufficiently large, such scattering
is significantly suppressed, leaving only a wide and flat basin in the upper-right corners of
Figs. 8(a)-8(d). If qx is very small, the photon and SPP radiative modes dominate, and then,
Re{αeff11 (qx, ω|x3)} remains negative and becomes independent of x3.When qx is intermediate,
the SPP evanescent modes start entering in with increasing ω up to Ωr. In this case, the
positive-peak strength is reduced and its peak coverage is squeezed into a smaller x3 region
where the localization of the SPP field is still insignificant. In addition, the positive peak is
broken into two islands in Fig. 8(c), and it switches to a negative peak followed by a negative
constant in Fig. 8(d). On the other hand, when qx becomes very large for a strongly-localized
SPP field, its scattering by double-layer G-Ps becomes very small except for the resonance
region very close to the surface as shown by the sharp negative edges in the lower-right
corners of Figs. 8(a)-8(d). With increasing ω/Ωr in Fig. 7(b)-7(d), it is interesting to note
that this deep negative edge is pushed up to a large qx region due to SP resonance, and the
V -shape feature at qx/kF = 2 is sharpened simultaneously due to enhanced localization of
the SPP field.
In Figs. 9(a)-9(d), we display the real and imaginary parts of calculated complex ampli-
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tudes E˜s1(ω|z0)/E0 from Eq. (45) as functions of h¯ω/EF . When h¯Ωr/EF = 1.78 in 9(a), we
find a broad peak at ω = Ωr for the real part of E˜
s
1(ω|z0) due to field scattering by the lower-
energy SPP branch, which is further accompanied by a very (weak) strong plasmon resonance
associated with field scattering by the higher-energy (acoustic-like) optical-like G-P branch.
Similar peak and dual-plasmon-resonance features are also observed for the imaginary part
of E˜s1(ω|z0) in 9(b) but with an out-of-phase plasmon resonance for the optical-like G-Ps.
Moreover, these unique scattering features in Figs. 9(a) and 9(b) are enhanced significantly
with increased graphene bandgap ∆.
Clearly, the peak and dual-plasmon-resonance features observed in Figs. 9(a) and 9(b)
can be very well correlated to the absorption peaks in Fig. 7. When the value of h¯Ωr/EF is
reduced from 1.78 to 0.25 in Figs. 9(c) and 9(d), on the other hand, the lowest broad SPP
peak is greatly reduced for both real and imaginary parts of the complex amplitude E˜s1(ω|z0).
Meanwhile, the dual-plasmon-resonance (anticrossing-gap) region is shrunk dramatically,
although the double scattering peaks by optical-like (right) and acoustic-like (left) G-P
branches are still clearly visible. Furthermore, the increasing graphene bandgap ∆ suppresses
the SPP peak while it slightly enhances the dual-plasmon-resonance peaks at the same time.
It is interesting to point out that the real and imaginary parts of the complex amplitude
E˜s1(ω|z0) in this case becomes in-phase in 9(c) and 9(d) for the right-most plasmon resonance
associated with the optical-like G-P branch.
VI. CONCLUSIONS AND REMARKS
The effect of electron back action on the hybridization of radiative and evanescent fields
has been demonstrated by using a retarded interaction, which is seen as hybrid dispersions
for both radiative (small qx range) and evanescent (large qx range) field modes. Instead
of a reaction force in Newtonian mechanics, the back action in this electro-optical study
is an induced polarization field from the double-layer Dirac plasmons, which redistributes
an incident surface-plasmon-polariton field by resonant scattering. The localization char-
acteristics of such a retarded interaction ensures high sensitivity to dielectric environments
surrounding and between the graphene sheets, including variations in the conducting sub-
strate, cladding layer, electronic properties of embedded graphene by a bandgap, as well as
the graphene distance from the surface of the conductor. This provides a unique advan-
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tage in wavelength-selective optical scrutinizing for chemically-active molecules or proteins
bounded with carbon atoms in graphene.
The tools for optical probing which we discussed in this paper include either scattering or
optical absorption of an incident evanescent electromagnetic field. In the case of evanescent-
field scattering, we computed the spatial dependence of a Fourier transformed scattering
matrix, which demonstrates the scattering enhancement,reduction and even suppression as
functions of graphene separations (z0) from the surface of the conductor as well as between
themselves (z1− z0) and the wave numbers (qx) of the evanescent surface-plasmon-polariton
field at several frequencies close to the localized surface-plasmon resonance. This derived
scattering matrix lays the foundation for constructing an effective-medium theory commonly
employed in finite-difference time-domain methods 59,60 for solving Maxwell’s equations nu-
merically. Furthermore, the calculated full spatial dependence for the scattering electromag-
netic field shows unique features in three different regions, including ones below, between
and above two graphene sheets.
For optical absorption, on the other hand, the triple peaks corresponding to the lower
acoustic-like graphene plasmon, the middle surface-plasmon and the higher optical-like
graphene plasmon modes are seen to dominate the variable hybridization features at high
conductor plasma frequencies. However, the rounded peak associated with the surface-
plasmon-polariton mode at the lowest energy is found to be dominant at low plasma fre-
quencies. In addition, this rounded peak further demonstrates that localized modes can be
enhanced significantly when two graphene layers are placed closer to the conductor surface.
These unique features in resonant absorption enable the selective excitation of radiative
polariton modes for their condensation and a threshold-free laser afterwards.
We would like to emphasize that the use of linear response theory 47 for calculating the
optical-response function in Eq. (36) only applies to a weak electromagnetic field. On the
other hand, if the total electric field is strong, we must calculate the induced polarization
field using the quantum-kinetic equations 1–5. In this case, the populations of electrons
and holes in a density matrix become extreme non-equilibrium functions of wave vector for
these photo-generated carriers. Moreover, the polarization field is determined by summing
the light-induced coherence in the density matrix for all occupied states of photo-carriers.
Furthermore, if the electric field is extremely strong, we expect an opening of energy gaps due
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to electron-photon dressing effects 3,61–63. The theory for graphene-plasmon hybridization in
this paper can be easily generalized to other 2D materials, such as silicene, germanene,
molybdenum disulfide, etc.
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